Abstract|The paper proposes a new test function to be used in an existent performance index for detection of proximity to a static voltage collapse point. This test function is based on a reduction of the load ow Jacobian with respect to the critical bus of a system. The test function is compared with known singular values and eigenvalues indices, and with other previously proposed test functions. A thorough analysis of the similarities, advantages, and disadvantages of all these indices and test functions is presented. The techniques are tested and compared on the IEEE 300 bus test system, showing the e ect of system characteristics and limits in these indices and functions.
I. Introduction
Voltage collapse problems have been a subject of great concern during planning and operation of power systems due to several voltage collapse events around the world 1, 2 . For certain power system models, some voltage collapse occurrences have been associated to bifurcation" problems, particularly to saddle-node bifurcations 3, 4, 5 .
Saddle-node bifurcations in power systems can be simply explained in the following way: For a load condition, in addition to the normal load-ow solution, which i s t ypically the actual operating point or stable equilibrium point s.e.p., several solutions may be found for the load-ow equations. The closest" one to the s.e.p. is the unstable equilibrium point u.e.p. of interest for voltage collapse studies 6, 7 . These equilibrium points approach each other as the system is loaded, up to the point when only one solution exists. If the system is loaded further, all system equilibria disappear. This phenomenon o f c hanging number of load-ow solutions with system loading is thoroughly discussed from a point of view other than bifurcation theory in 8 . The last" equilibrium has been identi ed as the steady-state voltage collapse point, since it can be mathematically associated to a saddle-node bifurcation point o f some particular underlying dynamic equations. At this bifurcation point, a real eigenvalue of the load-ow Jacobian becomes zero, i.e., the Jacobian becomes singular.
Identi cation of this bifurcation point plays an important role on voltage collapse analyses, and a fair amount of research e ort has been concentrated on this issue e.g., 9, 10, 1 1 , 1 2 , 1 3 , 14, 15 , to name a few. In this particular approach to the problem, the voltage collapse point m a y be identi ed through a static analysis, even though the nal consequence is the loss of dynamic stability c haracterized by a system wide voltage collapse. References 13 and 14 show h o w the voltage collapse point can be identi ed by using singular value and eigenvalue decomposition, respectively. P articularly, in 13 the authors demonstrate that a singular value analysis of a reduced load-ow Jacobian with respect to the reactive p o wer equations, provides better results than the analysis of the full loadow Jacobian. Such reduction is also employed in reference 14 for eigenvalue analyses. The minimum singular value and the minimum magnitude of the eigenvalues of such reduced matrix are then proposed as performance indices to detect proximity to this voltage collapse or singular" point. On the other hand, the authors in 16 proposed a novel approach to detect proximity t o v oltage collapse. A test function, as de ned by Seydel in 17 , is used in this case to de ne a proximity index that seems to present an advantage over previously proposed indices, due to its apparent linear" behavior as the system approaches the voltage collapse point. However, the latter is true only if the right" bus is chosen and no limits are considered in the system, as it is demonstrated on this paper.
The authors in 9, 18, 1 9 , 2 0 i n troducedthe use of a reduced loadow Jacobian determinant with respect to the critical buses of a system as an indicator of voltage security. These critical buses are determined based on the maximum entries on the system tangent vector when close to the voltage collapse point 18 , as described in detail below. Based on this technique, this paper proposes the use of these particular determinants as test functions for indices of proximity t o v oltage collapse.
The paper shows that very similar results are obtained using the techniques proposed in references 13, 14 , and explains why the reduction of the load-ow Jacobian to a smaller proper set of equations provides better results. It is important to mention that all of the indices discussed in this paper can be considered to be of the same linear" nature, i.e., they are based on a linearization of the system at di erent operating points.
The paper is organized as follows. Section II reviews the techniques proposed in 13 , 14 , and 16 . Section III introduces the reduced load-ow Jacobian determinant technique. Finally, section IV depicts some simulation results, and discusses the shortcomings of the presented methods.
II. Existent Performance Indices
Performance indices to predict proximity t o v oltage collapse problems have been a permanent concern of researchers and technical sta in power systems operation, as these indices could be used on-line or o -line to help operators determine how close the system is to a possible collapse 21 . Voltages pro les, also known as QV, PV or nose curves, are currently in use at Tokyo Electric Power Co. for determining proximity to collapse, so that operators can take timely preventive measures to avoid losing the system 22 . The problem with these curves is that, although reliable, they are rather expensive to compute. Hence, cheaper indices that do not require of exhaustive calculations have been sought and proposed; however, some of these indices are highly nonlinear, as depicted in this paper, making them unreliable. Low-cost indices that have a known shape, so that operators can rely on them to predict proximity to collapse, are certainly of interest to industry and researchers alike.
This section describes several known inexpensive, linear" proximity indices, namely, singular value and eigenvalue decomposition and test functions. The rst two display highly nonlinear behavior, whereas the latter could be classi ed as of predictable shape.
A. Singular Value Decomposition
Singular values have been employed in power systems because of the useful orthonormal decomposition of the Jacobian matrices. This singular value decomposition is typically used to determine the rank of a matrix, which is equal to the number of non zero singular values of A 23, 2 4 . Hence, its application to static voltage collapse analysis focuses on monitoring the smallest singular value up to the point when it becomes zero 13 .
In power systems, one is usually interested in determining the singularity of the Jacobian associated to the system dynamic equations, as this singularity corresponds to a bifurcation point, an undesirable stability condition of the system 3, 4 , 5 . Di erent models of the system elements, particularly generators and loads, certainly a ect the location of these bifurcation points 25, 26 . Furthermore, changing various parameters in the system can produce di erent types of bifurcating phenomena 27 . Nevertheless, for the purpose of this paper and given the limited space available, the popular load-ow model is used, where the variations of constant active and reactive p o wers are assumed to be the parameter that drive the system to a singularity, which can be associated to a saddle-node bifurcation of a dynamic model of the system as thoroughly demonstrated in 5 , Notice that without loss of generality, the methodologies described in this paper can be directly applied to any dynamic system model.
Based on the power ow model, the matrix A above is assumed to represent the load-ow Jacobian J, which t ypically contains the rst derivatives of active and reactive p o wer mismatch equations, P = P;E and Q = Q;E, with respect to the voltage magnitude E and angles , i.e., the linearization of these equations yields P Q = J E 1 Thus, one can rewrite 1, at equilibrium points other than the bifurcation point, as E
Notice that the minimum singular value is a relative measure of how close the system is to the voltage collapse or singular point. Furthermore, near this bifurcation point, since n is close to zero, equation 2 can be rewritten as E ,1 n vnu T n P Q Thus, the associated left and right singular vectors un and vn, respectively, can be interpreted as follows 13 : 1. The maximum entries in vn indicate the most sensitive v oltage magnitudes and angles critical buses. 2. The maximum entries in un correspond to the most sensitive direction for changes of active and reactive p o wer injections. In 10 , the authors proposed to reduce the load-ow Jacobian to the rst derivative of reactive p o wer equations in relation to voltage magnitude, by assuming that the generator and load buses present no active p o wer variation, i.e., P = 0 . T h us, P Q = J 1 J 2 J 3 J 4 E Q = J 4 , J 3 J ,1 1 J 2 E = J QV E 3 where J 1 = @P=@ , J 2 = @P=@E , J 3 = @Q=@ , and J 4 = @Q=@E . In general, at the saddle-node bifurcation point one has that J 1 is not singular, even though J is singular. There is not de nite proof of the latter statement, but in practice that seems to be the case in all examples discussed in the literature and is also the experience of the authors. Thus, J QV is assumed well de ned in 3, becoming singular at the bifurcation point since detJ QV = detJ det J 1
The singular values of this reduced matrix can then be used to determine proximity t o v oltage collapse. Furthermore, these singular values show better" behavior than the ones of J, as demonstrated in 13 and in section IV of this paper. It is interesting to highlight the fact that sub-matrix J 3 is quasisymmetric, for small values of transmission system resistances. Therefore, one expects a similar attribute for J QV , making the singular values and eigenvalues practically identical, since symmetric matrices have similar singular value and eigenvalue decomposition 23, 2 4 , as demonstrated for the IEEE 300 bus test system below.
B. Eigenvalue Decomposition
The authors in 14 apply an eigenvalue decomposition to the reduced load-ow Jacobian J QV . This decomposition for a real square diagonalizablesemi-simplematrix A can be written as 23 :
where X represents a complex matrix of right eigenvectors x i , Y corresponds to the complex matrix of left eigenvectors y i , and is a diagonal matrix of complex eigenvalues i of A.
For the J QV matrix de ned in 3, this decomposition m a y b e applied directly, since this matrix is quasi-symmetricand, therefore, diagonalizable. Furthermore, due to its quasi-symmetric structure, one expects to obtain a set of only real eigenvalues and eigenvectors, very similar in value to the corresponding singular values and singular vectors. Thus, near the bifurcation or voltage collapse point the eigenvectors associated to the eigenvalue closest to zero have the same interpretation as the singular vectors, i.e., the maximum entries in the right eigenvector correspond to the critical buses most sensitive v oltages in the system, and the maximum entries in the left eigenvector pinpoints the most sensitive direction for changes of power injections 28, 14 . The results of the singular value and eigenvalue decomposition for the IEEE 300 bus test system below clearly show h o w these two methods basically yield the same information. It is the observation of the authors that as the size of the system increases, the singular values and absolute eigenvalues become closer.
C. Test Functions
Seydel in 17 discusses a family of scalar test functions t lk de ned as t lk 4 = e T l J J ,1 lk e l 4 where J corresponds to the system Jacobian, and e l is the l th unit vector, i.e., a vector with all zero entries except for an entry of 1 in row l. The matrix J lk is de ned as follows:
J lk 4 = I , e l e T l J + e l e T k 5 where I represents the identity matrix. Equation 5 can be simply interpreted as an operation on the Jacobian matrix J where the l th row is removed and replaced by the row e T k . Notice that for the load-ow equations at the voltage collapse or bifurcation point J is singular, but matrix J lk is guaranteed not singular if the l th and k th are chosen so that they correspond to non zero entries in the zero" eigenvectors, say v ectors xn and yn associated to the zero eigenvalue of J. F urthermore, if l = k = c, where c corresponds to the maximum or critical entry in xn, the test function becomes the critical" test function tcc = e T c J J ,1 cc ec 6 The authors in 16 use the test function of equation 4 to dene an index of proximity to collapse. Thus, lets assume that the load-ow v ector nonlinear equations are de ned as the active and reactive p o wer mismatches at the system buses P;E; = 0 7 Q;E; = 0 where E and represent the phasor bus voltages, as stated above, and represents a scalar parameter or loading factor used to simulate the system load changes that drive the system to collapse in the following way:
Here P L and Q L represent the load at bus L, and P L P , P L I , P L Z ,
, and E 0 are all pre-de ned constants that determine the composition of the ZIP load constant impedance-current-power load 26 . Hence, the Jacobian matrices and test function family become functions of the system variables and parameter, i.e., for z 4 = T E T T , J = Jz;, J lk = J lk z;, and t lk = t lk z;. As the parameter changes approaching bifurcation, the system variables change, with the critical test function tcc displaying a quadratic or quartic shape 16 , as observed in some of the plots of section IV, i.e., tccz; a 1=c where a is a scalar constant, c is either 2 quadratic or 4 quartic, and = , 0 0 is the maximum loading factor, i.e., the bifurcation value of the system parameter. In general, test functions t lk for buses other than the critical bus c do not display this particular shape. Based on this approximation o f tcc, the index of proximity to collapse is de ned in 16 a s
This index presents in some cases a linear behaviorwith respect to changes in the loading factor , as illustrated in 16 . However, when limits are considered tcc does not exhibit an overall quadratic or quartic shape, as demonstrated for the IEEE 300 bus system below, resulting in an ill-de ned .
Another di culty with is the problem of determining the critical bus c. This bus can be pinpointed from the maximum entries in the vector dz=d at an operating point z 1 ; 1 since this tangent" vector converges to the zero" right eigenvector xn at the bifurcation point 11, 29 . However, in general, one needs to be rather close to the bifurcation point to accurately estimate this bus. This problem is depicted below for the IEEE 300 bus test system. For the reasons stated above, this paper will not compute in the examples shown in section IV, and it will only concentrate on studying the di erent shapes of the family of test functions t lk to compare them to the other indices and test functions presented in the paper.
III. Reduced Load-Flow J a cobian Determinant
To de ne this index for a given load bus, say l, one starts by assuming that active and reactive p o wer variations occur only at the system bus of interest. Hence, re-ordering the load-ow Jacobian in such a w ay that the P and Q equations for bus l are the last ones, yields Observe that the matrix D 0 ll is well de ned at all operating points, since A is guaranteed nonsingulareven at the collapse point, as long as bus l has non zero entries in the zero" eigenvectors of J at the bifurcation point; this is particularly true for l = c the critical bus. Thus, the determinant o f D 0 ll , detD 0 ll = detJ detA 13
becomes zero only at the bifurcation or collapse point. Monitoring det D 0 ll at di erent operatingpoints for changes in the loading factor provides identical information and behavior as the test function t ll , especially for l = c, as illustrated for the test system in the next section. Hence, the same performance index of equation 9 can be de ned using det D 0 cc as the test function instead of tcc .
IV. Results and Discussion
In this section, the indices and test functions discussed above are evaluated and compared for the IEEE 300 bus test system, with and without generator limits. Only constant active and reactive power load models were considered in this case for simplicity and comparison purposes. One can easily repeat the same studies for di erent t ype of static load models, with similar results.
A. No Limits
First, the test system is studied with no generator limits considered. A load increase direction is chosen, i.e., k P and k Q are de ned in 8 according to the initial load at each bus. The system is then driven from an initial operating point up to the bifurcation point by c hanging the loading factor , with the help of a continuation power ow 12, 18 .
For each operating point, the smallest singular value and absolute eigenvalue are calculated for the load-ow Jacobian J and for the reduced load-ow Jacobian J QV , and the results are depicted in Fig. 1 . Observe that the minimum magnitude of the eigenvalues and the minimum singular value of the reduced matrix J QV , exhibit better" behavior than the corresponding v alues for the full Jacobian J, i.e., they are more sensitive t o c hanges in , which agrees with the results and arguments presented in 13 . However, none of these values can be used as an index of proximity t o v oltage collapse, due to their sharp drop when close to the bifurcation or collapse point 0 .
To study the symmetry of the reduced load-ow Jacobian J QV its singular values and correspondingeigenvalues were studied. The rst observation is that all eigenvalues o f J QV are real. Furthermore, these eigenvalues are rather close in value to the corresponding singular values of the matrix. To illustrate the latter Table I for the system without limits. The value of increases slightly as the minimum singular value and absolute eigenvalue approach zero; however, overall this value remains rather small, indicating that both singular value and eigenvalue decomposition are basically the same. Figure 2 illustrates the shape of the test function det D 0 ll for the actual critical bus c = 192 and for a bus judged as critical at the initial operating point l = 9042. Notice the striking similarity o f the general shapes of this test function with the ones depicted in Fig. 3 for jt ll j. In both cases, only the test functions evaluated at the critical bus have the quartic shape used in de nition 9 of the performance index . Bus 9042 was determined as critical from the largest entries in the tangent v ector at the initial operating point. However, bus 192 becomes critical when very close to the collapse point. The actual critical bus in this case could not be determined from the tangent v ector information at operating points away from the bifurcation.
The PV curves, nose curves, or bifurcation diagrams of the test system without limits are shown in Fig. 4 , to depict the voltage behavior for the buses under study.
B. Limits
The test system with all limits considered is employed here to show several of the shortcomings of the indices and test functions described in the paper, which w ere not originally addressed in 13 and 16 .
The minimum singular values and absolute eigenvalues o f J and J QV are again monitored for changes in , as depicted in Fig. 5 , with similar results as in the previous case, i.e., the indices show a sudden large drop when close to the bifurcation point, rendering them inadequate for detecting proximity to a collapse point. Also, the singular values and eigenvalues of J QV are analyzed for symmetry, with similar results as in the case with no limits. Figures 6 and 7 show the test functions det D 0 ll and jt ll j, respectively, for two di erent system buses. Bus 192 corresponds to the system critical bus when no system limits are considered, whereas bus 526 is the actual critical bus of the system when these limits are applied. First, notice the similarity once again of both test functions. Second, the critical bus test functionsdo not present a quartic or quadratic shape as required for the computation of in equation 9; however, they are better behaved than the test function of a bus other than the critical one. In this case, the performance index is not well de ned due to the discontinuity in detD 0 cc and tcc depicted in Figs. 6 and 7. When limits are ignored, the test functions present the desired quartic shape as shown above, and is properly de ned in that case. Once more, the critical bus can only be detected when the system is very close to the bifurcation point. Figure 8 depicts the PV curves of the test system with limits to illustrate the voltage behavior for the buses under study. Notice the little change in bus voltage magnitude at bus 192 in this case, as compared to the changes shown in Fig. 4 . The paper clearly demonstrates that singular values and eigenvalue decomposition of the reduced Jacobian J QV basically provide the same information for static analysis of voltage collapse problems. This result is based on the quasi-symmetric structure of the matrix J QV , and brings together the two seemingly dissimilar approaches proposed in references 13 and 14 . The paper also shows that the minimum singular value, or absolute eigenvalue for that matter, of J QV is not a good indicator of proximity to the bifurcation or collapse point.
A new family of test functions is proposed. It is shown that these new test functions provide the same information, at slightly reduced computational costs, as the test function used in 16 to de ne a proximity index. One of the problems with these test functions and proximity index is the need of having to determine the critical bus of the system, since test functions associated to other system buses do not have the required quartic or quadratic shape, and this could represent a serious computational obstacle, due to the need in some cases of having to be close to the bifurcation point in order to pinpoint the true critical bus. Furthermore, discontinuities in the test functions due to system limits may also restrict the possible use of these functions in the study of voltage collapse.
